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[Weak vs Strong]    &   [Classical vs Quantum]

Weak coupling:  loop expansion around leading trajectory   
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can further distinguish semi-classical and quantum observables

semi-class

quantum Ex:  
around  

Ex: every day life 
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Strong coupling: PI cannot be described by leading trajectory   
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Common  practice: few legs in weakly coupled QFT  
= small fluctuations around trivial trajectory

However when the number of legs grows expansion breaks down

How do we describe physics in this regime?
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a mess ?!

see old review by Rubakov, arXiv:9511236, 1995
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Indeed .. but not completely

all large effects can be proven to resum into
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Exponential form suggest existence of non-trivial 
semiclassical trajectory describing the process

Something indeed proven by Son, 
back in the 90’s…still a reasonable mess to

work out quantitatively

Libanov, Rubakov, Son, Troitsky 1994

see Khoze, Reiness, 1810.01722
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Few Legs



Many Legs
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Ex. anomalous dimension of 
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leading

perturbation theory breaks down at �n

16⇡2
>⇠ 1

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



n(n� 1)�L
<latexit sha1_base64="Rn2HtbhhmOyzJAKnmBJxnqK647E="></latexit>

n(n� 1)(n� 2)�2 (L2 + L)
<latexit sha1_base64="1N6torZfhnCJLshPTNZRXYCY8Es="></latexit>

n(n� 1)(n� 2)(n� 3)�3 (L3 + L2 + L)
<latexit sha1_base64="Aa6H50STMEeyrbrLHV3PBd8vVqE="></latexit>

1

2
n(n� 1)(n� 2)(n� 3)�2 L2

<latexit sha1_base64="rrcEfIYpYd17vH7KOnc4QR/95kI="></latexit>

Z�n = enL(
P

=0 �

P(�n)+O(L))

<latexit sha1_base64="HzVDZJDz2RgOaEgIW+44nBuV0V8="></latexit>

�`n2`, . . . , �`n`+2, �`n`+1, . . . , �`n

<latexit sha1_base64="444HJ4/GcgSIH/RgVO7Ouy9r+Pg="></latexit>

exponentiate
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series can be organized as a double expansion
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similar to RG

or to ’t Hooft large-N expansion
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Can one derive exponentiation and structure of
the series without detailed diagrammatics?

Can one resum the          series?�n
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Semiclassical expansion around non-trivial trajectory
Common answer:
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•proves ‘exponentiation’ to all orders
•semiclassical expansion valid for all          as long as
•must match diagrammatic expansion at
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main problem: finding classical solution

can perform perturbation theory in 
not straightforward to find solution at finite  
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basic difficulty
must regulate to      where   not scale invariant:
radial dependence non-trivial
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focus on Wilson-Fisher  fixed point in d = 4� ✏
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Conformally map theory to cylinder R⇥ Sd�1
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Way out
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<latexit sha1_base64="/h8vpMvOkfPlHbG3Pv/9Ese8NOE=">AAAB73icbVDJSgNBEK2JW4xb1KOXxiB4GnrEuNyCXrwZwSyQDKGn05M06ekZu3uEMOQnvHhQxKu/482/sbOBGh8UPN6roqpekAiuDcZfTm5peWV1Lb9e2Njc2t4p7u7VdZwqymo0FrFqBkQzwSWrGW4EayaKkSgQrBEMrsd+45EpzWN5b4YJ8yPSkzzklBgrNbM2JQLdjjrFEnbxBAi7ZexdnnnImytzUoIZqp3iZ7sb0zRi0lBBtG55ODF+RpThVLBRoZ1qlhA6ID3WslSSiGk/m9w7QkdW6aIwVrakQRP150RGIq2HUWA7I2L6+q83Fv/zWqkJL/yMyyQ1TNLpojAVyMRo/DzqcsWoEUNLCFXc3oponyhCjY2oYENYeHmR1E9cD7ve3WmpcjWLIw8HcAjH4ME5VOAGqlADCgKe4AVenQfn2Xlz3qetOWc2sw+/4Hx8A9djj9Q=</latexit><latexit sha1_base64="/h8vpMvOkfPlHbG3Pv/9Ese8NOE=">AAAB73icbVDJSgNBEK2JW4xb1KOXxiB4GnrEuNyCXrwZwSyQDKGn05M06ekZu3uEMOQnvHhQxKu/482/sbOBGh8UPN6roqpekAiuDcZfTm5peWV1Lb9e2Njc2t4p7u7VdZwqymo0FrFqBkQzwSWrGW4EayaKkSgQrBEMrsd+45EpzWN5b4YJ8yPSkzzklBgrNbM2JQLdjjrFEnbxBAi7ZexdnnnImytzUoIZqp3iZ7sb0zRi0lBBtG55ODF+RpThVLBRoZ1qlhA6ID3WslSSiGk/m9w7QkdW6aIwVrakQRP150RGIq2HUWA7I2L6+q83Fv/zWqkJL/yMyyQ1TNLpojAVyMRo/DzqcsWoEUNLCFXc3oponyhCjY2oYENYeHmR1E9cD7ve3WmpcjWLIw8HcAjH4ME5VOAGqlADCgKe4AVenQfn2Xlz3qetOWc2sw+/4Hx8A9djj9Q=</latexit><latexit sha1_base64="/h8vpMvOkfPlHbG3Pv/9Ese8NOE=">AAAB73icbVDJSgNBEK2JW4xb1KOXxiB4GnrEuNyCXrwZwSyQDKGn05M06ekZu3uEMOQnvHhQxKu/482/sbOBGh8UPN6roqpekAiuDcZfTm5peWV1Lb9e2Njc2t4p7u7VdZwqymo0FrFqBkQzwSWrGW4EayaKkSgQrBEMrsd+45EpzWN5b4YJ8yPSkzzklBgrNbM2JQLdjjrFEnbxBAi7ZexdnnnImytzUoIZqp3iZ7sb0zRi0lBBtG55ODF+RpThVLBRoZ1qlhA6ID3WslSSiGk/m9w7QkdW6aIwVrakQRP150RGIq2HUWA7I2L6+q83Fv/zWqkJL/yMyyQ1TNLpojAVyMRo/DzqcsWoEUNLCFXc3oponyhCjY2oYENYeHmR1E9cD7ve3WmpcjWLIw8HcAjH4ME5VOAGqlADCgKe4AVenQfn2Xlz3qetOWc2sw+/4Hx8A9djj9Q=</latexit><latexit sha1_base64="/h8vpMvOkfPlHbG3Pv/9Ese8NOE=">AAAB73icbVDJSgNBEK2JW4xb1KOXxiB4GnrEuNyCXrwZwSyQDKGn05M06ekZu3uEMOQnvHhQxKu/482/sbOBGh8UPN6roqpekAiuDcZfTm5peWV1Lb9e2Njc2t4p7u7VdZwqymo0FrFqBkQzwSWrGW4EayaKkSgQrBEMrsd+45EpzWN5b4YJ8yPSkzzklBgrNbM2JQLdjjrFEnbxBAi7ZexdnnnImytzUoIZqp3iZ7sb0zRi0lBBtG55ODF+RpThVLBRoZ1qlhA6ID3WslSSiGk/m9w7QkdW6aIwVrakQRP150RGIq2HUWA7I2L6+q83Fv/zWqkJL/yMyyQ1TNLpojAVyMRo/DzqcsWoEUNLCFXc3oponyhCjY2oYENYeHmR1E9cD7ve3WmpcjWLIw8HcAjH4ME5VOAGqlADCgKe4AVenQfn2Xlz3qetOWc2sw+/4Hx8A9djj9Q=</latexit>

Mapping to the cylinder & operator state correspondence

r
<latexit sha1_base64="1XvS2hMqpF9a5RYwxSlGix/Ey88=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmbE9Rb04jEBs0AyhJ5OJWnT0zN09whhyBd48aCIVz/Jm39jZxFcHxQ83quiql6YCK6N5707uYXFpeWV/GphbX1jc6u4vVPXcaoY1lgsYtUMqUbBJdYMNwKbiUIahQIb4fBq4jfuUGkeyxszSjCIaF/yHmfUWKmqOsWS5554/sWpT34T3/WmKMEclU7xrd2NWRqhNExQrVu+l5ggo8pwJnBcaKcaE8qGtI8tSyWNUAfZ9NAxObBKl/RiZUsaMlW/TmQ00noUhbYzomagf3oT8S+vlZreeZBxmaQGJZst6qWCmJhMviZdrpAZMbKEMsXtrYQNqKLM2GwKNoTPT8n/pH7k+p7rV49L5ct5HHnYg304BB/OoAzXUIEaMEC4h0d4cm6dB+fZeZm15pz5zC58g/P6ATysjTg=</latexit><latexit sha1_base64="1XvS2hMqpF9a5RYwxSlGix/Ey88=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmbE9Rb04jEBs0AyhJ5OJWnT0zN09whhyBd48aCIVz/Jm39jZxFcHxQ83quiql6YCK6N5707uYXFpeWV/GphbX1jc6u4vVPXcaoY1lgsYtUMqUbBJdYMNwKbiUIahQIb4fBq4jfuUGkeyxszSjCIaF/yHmfUWKmqOsWS5554/sWpT34T3/WmKMEclU7xrd2NWRqhNExQrVu+l5ggo8pwJnBcaKcaE8qGtI8tSyWNUAfZ9NAxObBKl/RiZUsaMlW/TmQ00noUhbYzomagf3oT8S+vlZreeZBxmaQGJZst6qWCmJhMviZdrpAZMbKEMsXtrYQNqKLM2GwKNoTPT8n/pH7k+p7rV49L5ct5HHnYg304BB/OoAzXUIEaMEC4h0d4cm6dB+fZeZm15pz5zC58g/P6ATysjTg=</latexit><latexit sha1_base64="1XvS2hMqpF9a5RYwxSlGix/Ey88=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmbE9Rb04jEBs0AyhJ5OJWnT0zN09whhyBd48aCIVz/Jm39jZxFcHxQ83quiql6YCK6N5707uYXFpeWV/GphbX1jc6u4vVPXcaoY1lgsYtUMqUbBJdYMNwKbiUIahQIb4fBq4jfuUGkeyxszSjCIaF/yHmfUWKmqOsWS5554/sWpT34T3/WmKMEclU7xrd2NWRqhNExQrVu+l5ggo8pwJnBcaKcaE8qGtI8tSyWNUAfZ9NAxObBKl/RiZUsaMlW/TmQ00noUhbYzomagf3oT8S+vlZreeZBxmaQGJZst6qWCmJhMviZdrpAZMbKEMsXtrYQNqKLM2GwKNoTPT8n/pH7k+p7rV49L5ct5HHnYg304BB/OoAzXUIEaMEC4h0d4cm6dB+fZeZm15pz5zC58g/P6ATysjTg=</latexit><latexit sha1_base64="1XvS2hMqpF9a5RYwxSlGix/Ey88=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmbE9Rb04jEBs0AyhJ5OJWnT0zN09whhyBd48aCIVz/Jm39jZxFcHxQ83quiql6YCK6N5707uYXFpeWV/GphbX1jc6u4vVPXcaoY1lgsYtUMqUbBJdYMNwKbiUIahQIb4fBq4jfuUGkeyxszSjCIaF/yHmfUWKmqOsWS5554/sWpT34T3/WmKMEclU7xrd2NWRqhNExQrVu+l5ggo8pwJnBcaKcaE8qGtI8tSyWNUAfZ9NAxObBKl/RiZUsaMlW/TmQ00noUhbYzomagf3oT8S+vlZreeZBxmaQGJZst6qWCmJhMviZdrpAZMbKEMsXtrYQNqKLM2GwKNoTPT8n/pH7k+p7rV49L5ct5HHnYg304BB/OoAzXUIEaMEC4h0d4cm6dB+fZeZm15pz5zC58g/P6ATysjTg=</latexit>

⌧ = ln r
<latexit sha1_base64="uqpq3RmHaXm3C9cQMN5kIqE+j2c=">AAAB8XicdVDJSgNBEK2JW4xb1KOXxiB4CjPiehCCXjxGMAtmhtDT6SRNenqG7hohDPkLLx4U8erfePNv7CyC64OCx3tVVNULEykMuu67k5ubX1hcyi8XVlbX1jeKm1t1E6ea8RqLZaybITVcCsVrKFDyZqI5jULJG+Hgcuw37rg2IlY3OEx4ENGeEl3BKFrp1keanvtSEd0ultzykeudHXvkN/HK7gQlmKHaLr75nZilEVfIJDWm5bkJBhnVKJjko4KfGp5QNqA93rJU0YibIJtcPCJ7VumQbqxtKSQT9etERiNjhlFoOyOKffPTG4t/ea0Uu6dBJlSSIldsuqibSoIxGb9POkJzhnJoCWVa2FsJ61NNGdqQCjaEz0/J/6R+UPbcsnd9WKpczOLIww7swj54cAIVuIIq1ICBgnt4hCfHOA/Os/Mybc05s5lt+Abn9QN82JDL</latexit><latexit sha1_base64="uqpq3RmHaXm3C9cQMN5kIqE+j2c=">AAAB8XicdVDJSgNBEK2JW4xb1KOXxiB4CjPiehCCXjxGMAtmhtDT6SRNenqG7hohDPkLLx4U8erfePNv7CyC64OCx3tVVNULEykMuu67k5ubX1hcyi8XVlbX1jeKm1t1E6ea8RqLZaybITVcCsVrKFDyZqI5jULJG+Hgcuw37rg2IlY3OEx4ENGeEl3BKFrp1keanvtSEd0ultzykeudHXvkN/HK7gQlmKHaLr75nZilEVfIJDWm5bkJBhnVKJjko4KfGp5QNqA93rJU0YibIJtcPCJ7VumQbqxtKSQT9etERiNjhlFoOyOKffPTG4t/ea0Uu6dBJlSSIldsuqibSoIxGb9POkJzhnJoCWVa2FsJ61NNGdqQCjaEz0/J/6R+UPbcsnd9WKpczOLIww7swj54cAIVuIIq1ICBgnt4hCfHOA/Os/Mybc05s5lt+Abn9QN82JDL</latexit><latexit sha1_base64="uqpq3RmHaXm3C9cQMN5kIqE+j2c=">AAAB8XicdVDJSgNBEK2JW4xb1KOXxiB4CjPiehCCXjxGMAtmhtDT6SRNenqG7hohDPkLLx4U8erfePNv7CyC64OCx3tVVNULEykMuu67k5ubX1hcyi8XVlbX1jeKm1t1E6ea8RqLZaybITVcCsVrKFDyZqI5jULJG+Hgcuw37rg2IlY3OEx4ENGeEl3BKFrp1keanvtSEd0ultzykeudHXvkN/HK7gQlmKHaLr75nZilEVfIJDWm5bkJBhnVKJjko4KfGp5QNqA93rJU0YibIJtcPCJ7VumQbqxtKSQT9etERiNjhlFoOyOKffPTG4t/ea0Uu6dBJlSSIldsuqibSoIxGb9POkJzhnJoCWVa2FsJ61NNGdqQCjaEz0/J/6R+UPbcsnd9WKpczOLIww7swj54cAIVuIIq1ICBgnt4hCfHOA/Os/Mybc05s5lt+Abn9QN82JDL</latexit><latexit sha1_base64="uqpq3RmHaXm3C9cQMN5kIqE+j2c=">AAAB8XicdVDJSgNBEK2JW4xb1KOXxiB4CjPiehCCXjxGMAtmhtDT6SRNenqG7hohDPkLLx4U8erfePNv7CyC64OCx3tVVNULEykMuu67k5ubX1hcyi8XVlbX1jeKm1t1E6ea8RqLZaybITVcCsVrKFDyZqI5jULJG+Hgcuw37rg2IlY3OEx4ENGeEl3BKFrp1keanvtSEd0ultzykeudHXvkN/HK7gQlmKHaLr75nZilEVfIJDWm5bkJBhnVKJjko4KfGp5QNqA93rJU0YibIJtcPCJ7VumQbqxtKSQT9etERiNjhlFoOyOKffPTG4t/ea0Uu6dBJlSSIldsuqibSoIxGb9POkJzhnJoCWVa2FsJ61NNGdqQCjaEz0/J/6R+UPbcsnd9WKpczOLIww7swj54cAIVuIIq1ICBgnt4hCfHOA/Os/Mybc05s5lt+Abn9QN82JDL</latexit>

O
<latexit sha1_base64="hcFZgldooruyOwKlrPmlTuOn6dc=">AAAB73icdVDJSgNBEK2JW4xb1KOXxiB4CjMi6DHoxZsRzALJEGo6PUmTnp6xu0cYhvyEFw+KePV3vPk3dhYhbg8KHu9VUVUvSATXxnU/nMLS8srqWnG9tLG5tb1T3t1r6jhVlDVoLGLVDlAzwSVrGG4EayeKYRQI1gpGlxO/dc+U5rG8NVnC/AgHkoecorFSO+9SFOR63CtXvKo7BXF/kS+rAnPUe+X3bj+macSkoQK17nhuYvwcleFUsHGpm2qWIB3hgHUslRgx7efTe8fkyCp9EsbKljRkqi5O5BhpnUWB7YzQDPVPbyL+5XVSE577OZdJapiks0VhKoiJyeR50ueKUSMyS5Aqbm8ldIgKqbERlRZD+J80T6qeW/VuTiu1i3kcRTiAQzgGD86gBldQhwZQEPAAT/Ds3DmPzovzOmstOPOZffgG5+0Tt6GPvg==</latexit><latexit sha1_base64="hcFZgldooruyOwKlrPmlTuOn6dc=">AAAB73icdVDJSgNBEK2JW4xb1KOXxiB4CjMi6DHoxZsRzALJEGo6PUmTnp6xu0cYhvyEFw+KePV3vPk3dhYhbg8KHu9VUVUvSATXxnU/nMLS8srqWnG9tLG5tb1T3t1r6jhVlDVoLGLVDlAzwSVrGG4EayeKYRQI1gpGlxO/dc+U5rG8NVnC/AgHkoecorFSO+9SFOR63CtXvKo7BXF/kS+rAnPUe+X3bj+macSkoQK17nhuYvwcleFUsHGpm2qWIB3hgHUslRgx7efTe8fkyCp9EsbKljRkqi5O5BhpnUWB7YzQDPVPbyL+5XVSE577OZdJapiks0VhKoiJyeR50ueKUSMyS5Aqbm8ldIgKqbERlRZD+J80T6qeW/VuTiu1i3kcRTiAQzgGD86gBldQhwZQEPAAT/Ds3DmPzovzOmstOPOZffgG5+0Tt6GPvg==</latexit><latexit sha1_base64="hcFZgldooruyOwKlrPmlTuOn6dc=">AAAB73icdVDJSgNBEK2JW4xb1KOXxiB4CjMi6DHoxZsRzALJEGo6PUmTnp6xu0cYhvyEFw+KePV3vPk3dhYhbg8KHu9VUVUvSATXxnU/nMLS8srqWnG9tLG5tb1T3t1r6jhVlDVoLGLVDlAzwSVrGG4EayeKYRQI1gpGlxO/dc+U5rG8NVnC/AgHkoecorFSO+9SFOR63CtXvKo7BXF/kS+rAnPUe+X3bj+macSkoQK17nhuYvwcleFUsHGpm2qWIB3hgHUslRgx7efTe8fkyCp9EsbKljRkqi5O5BhpnUWB7YzQDPVPbyL+5XVSE577OZdJapiks0VhKoiJyeR50ueKUSMyS5Aqbm8ldIgKqbERlRZD+J80T6qeW/VuTiu1i3kcRTiAQzgGD86gBldQhwZQEPAAT/Ds3DmPzovzOmstOPOZffgG5+0Tt6GPvg==</latexit><latexit sha1_base64="hcFZgldooruyOwKlrPmlTuOn6dc=">AAAB73icdVDJSgNBEK2JW4xb1KOXxiB4CjMi6DHoxZsRzALJEGo6PUmTnp6xu0cYhvyEFw+KePV3vPk3dhYhbg8KHu9VUVUvSATXxnU/nMLS8srqWnG9tLG5tb1T3t1r6jhVlDVoLGLVDlAzwSVrGG4EayeKYRQI1gpGlxO/dc+U5rG8NVnC/AgHkoecorFSO+9SFOR63CtXvKo7BXF/kS+rAnPUe+X3bj+macSkoQK17nhuYvwcleFUsHGpm2qWIB3hgHUslRgx7efTe8fkyCp9EsbKljRkqi5O5BhpnUWB7YzQDPVPbyL+5XVSE577OZdJapiks0VhKoiJyeR50ueKUSMyS5Aqbm8ldIgKqbERlRZD+J80T6qeW/VuTiu1i3kcRTiAQzgGD86gBldQhwZQEPAAT/Ds3DmPzovzOmstOPOZffgG5+0Tt6GPvg==</latexit>

|Oi
<latexit sha1_base64="x8XB20QIxHSlQYEqF1D4/QYObjM=">AAAB+XicdVDLSgNBEJz1GeNr1aOXwSB4Crsi6DHoxZsRzAOSJfROepMhs7PLzGwgrPkTLx4U8eqfePNvnDyE+CpoKKq66aLCVHBtPO/DWVpeWV1bL2wUN7e2d3bdvf26TjLFsMYSkahmCBoFl1gz3AhspgohDgU2wsHVxG8MUWmeyDszSjGIoSd5xBkYK3Vc9z5vMxD0ZtxWIHsCO27JL3tTUO8X+bJKZI5qx31vdxOWxSgNE6B1y/dSE+SgDGcCx8V2pjEFNoAetiyVEKMO8mnyMT22SpdGibIjDZ2qixc5xFqP4tBuxmD6+qc3Ef/yWpmJLoKcyzQzKNnsUZQJahI6qYF2uUJmxMgSYIrbrJT1QQEztqziYgn/k/pp2ffK/u1ZqXI5r6NADskROSE+OScVck2qpEYYGZIH8kSendx5dF6c19nqkjO/OSDf4Lx9AoK9k5A=</latexit><latexit sha1_base64="x8XB20QIxHSlQYEqF1D4/QYObjM=">AAAB+XicdVDLSgNBEJz1GeNr1aOXwSB4Crsi6DHoxZsRzAOSJfROepMhs7PLzGwgrPkTLx4U8eqfePNvnDyE+CpoKKq66aLCVHBtPO/DWVpeWV1bL2wUN7e2d3bdvf26TjLFsMYSkahmCBoFl1gz3AhspgohDgU2wsHVxG8MUWmeyDszSjGIoSd5xBkYK3Vc9z5vMxD0ZtxWIHsCO27JL3tTUO8X+bJKZI5qx31vdxOWxSgNE6B1y/dSE+SgDGcCx8V2pjEFNoAetiyVEKMO8mnyMT22SpdGibIjDZ2qixc5xFqP4tBuxmD6+qc3Ef/yWpmJLoKcyzQzKNnsUZQJahI6qYF2uUJmxMgSYIrbrJT1QQEztqziYgn/k/pp2ffK/u1ZqXI5r6NADskROSE+OScVck2qpEYYGZIH8kSendx5dF6c19nqkjO/OSDf4Lx9AoK9k5A=</latexit><latexit sha1_base64="x8XB20QIxHSlQYEqF1D4/QYObjM=">AAAB+XicdVDLSgNBEJz1GeNr1aOXwSB4Crsi6DHoxZsRzAOSJfROepMhs7PLzGwgrPkTLx4U8eqfePNvnDyE+CpoKKq66aLCVHBtPO/DWVpeWV1bL2wUN7e2d3bdvf26TjLFsMYSkahmCBoFl1gz3AhspgohDgU2wsHVxG8MUWmeyDszSjGIoSd5xBkYK3Vc9z5vMxD0ZtxWIHsCO27JL3tTUO8X+bJKZI5qx31vdxOWxSgNE6B1y/dSE+SgDGcCx8V2pjEFNoAetiyVEKMO8mnyMT22SpdGibIjDZ2qixc5xFqP4tBuxmD6+qc3Ef/yWpmJLoKcyzQzKNnsUZQJahI6qYF2uUJmxMgSYIrbrJT1QQEztqziYgn/k/pp2ffK/u1ZqXI5r6NADskROSE+OScVck2qpEYYGZIH8kSendx5dF6c19nqkjO/OSDf4Lx9AoK9k5A=</latexit><latexit sha1_base64="x8XB20QIxHSlQYEqF1D4/QYObjM=">AAAB+XicdVDLSgNBEJz1GeNr1aOXwSB4Crsi6DHoxZsRzAOSJfROepMhs7PLzGwgrPkTLx4U8eqfePNvnDyE+CpoKKq66aLCVHBtPO/DWVpeWV1bL2wUN7e2d3bdvf26TjLFsMYSkahmCBoFl1gz3AhspgohDgU2wsHVxG8MUWmeyDszSjGIoSd5xBkYK3Vc9z5vMxD0ZtxWIHsCO27JL3tTUO8X+bJKZI5qx31vdxOWxSgNE6B1y/dSE+SgDGcCx8V2pjEFNoAetiyVEKMO8mnyMT22SpdGibIjDZ2qixc5xFqP4tBuxmD6+qc3Ef/yWpmJLoKcyzQzKNnsUZQJahI6qYF2uUJmxMgSYIrbrJT1QQEztqziYgn/k/pp2ffK/u1ZqXI5r6NADskROSE+OScVck2qpEYYGZIH8kSendx5dF6c19nqkjO/OSDf4Lx9AoK9k5A=</latexit>

hO(r)O(0) i =
1

r2�
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

hO|e�H⌧
|Oi = e��⌧

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



• on cylinder is conserved off-criticalityD = Hcy`
<latexit sha1_base64="6XMgdSEHjvfE9m4vOsAHAXMDZ8E="></latexit>

• expect solution to be stationary for ⌧f � ⌧i
<latexit sha1_base64="jyF8V42YgSGIgkaQ3XO9KXoZ6CY="></latexit>

• simple consistent ansatz  at                       

�c` = ⇢ei�
<latexit sha1_base64="ElAYoHChjvWnBsNfuduwQrtMvOQ="></latexit>

� = �iµ⌧
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

⇢ = const
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

⌧f � ⌧ � ⌧i
<latexit sha1_base64="OLEpVi6clDeNQgmt8Nx2pTZE3UQ="></latexit>

this corresponds to a homogeneous superfluid
µ ⌘

<latexit sha1_base64="DbRcnj49OXv9c9DZuTYzpcWh4jI="></latexit>

chemical potential



lowest dimension primary of charge n, dominates
path integral at large times in charge n sector

Scyl =

Z
d⌧d⌦d�1

✓
|@�|2 + ⇠dR|�|2 + �

4
|�|4 � i

n
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Plug back into action and perform systematic loop expansion
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Leading order d ! 4
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Supposed to resum leading powers of n at all loops!



and  comparing with diagrams
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Makes one want to check subleading terms

To do so fixed point condition in                     is essentiald = 4� ✏
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diagrammatic computation gives

Semiclassically, subleading terms should come from
 Casimir energy on cylinder



Semiclassically on cylinder
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Casimir Energy on Sd-1, convergent for sufficiently low d
in terms of the renormalized coupling 
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fixed point

perfect m
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total match at 3-loops, partial match at 4-loops plus 
boosting of available computations

matching to available computations with n ≤ 4 up to 5-loops 



Large charge limit for d ! 4
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integrate out radial mode: ‘pure’ conformal superfluid EFT
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known large charge behaviour 
Hellerman, Orlando, Reffert, Watanabe ’15
Monin, Pirtskhalava, RR, Seibold ’16
Jafferis, Mukhametzhanov, Zhiboedov, ‘17
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For   quantum corrections provide proper scaling d = 4� ✏
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Result non-trivially interpolates between universal 
quantum effects in genuine 3D CFT at  large charge 

and Feynman diagram computations



Summary
Wilson-Fisher fixed points: simple but rich playground to 

get structural insight on                regime in QFT�n � 1
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Loop expansion for         non-trivially and systematically
encapsulated by semiclassical supefluid configuration 
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can be studied by extension of method, 
providing  dynamical information, akin to amplitudes

Properties of nearby operators, ex                    ,          
described by hydrodynamic modes 
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…but it would be nice to get back to the SM…
someone certainly will before the FCC begins


